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Abstract 

We prove a Freiman-Ruzsa-type theorem valid in an arbitrary nilpo- 
tent group. Specifically, we show that a ^-approximate group A in an 
s-step nilpotent group G is contained in a coset nilprogression of rank at 
most A" 0s M and cardinality at most e K s< ' \A\. To motivate this, we give 
a direct proof of Breuillard and Green's analogous result for torsion-free 
nilpotent groups, avoiding the use of Mal'cev's embedding theorem. 
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1 Introduction 

In various situations in mathematics, considering approximate analogues of pre- 
cise algebraic properties can lead to the objects they define becoming far more 
widely applicable. An area that has received considerable attention in that re- 
gard in recent years is the study of approximate groups. Originating in additive 
combinatorics, these objects have increasingly been applied to obtain results in 
a diverse array of other fields, such as number theory, differential geometry and 
theoretical computer science [6] . 
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Approximate-group theory really began with the celebrated theorem of Freiman 
[5] describing the structure of sets of integers that are approximately closed un- 
der addition. Specifically, writing 

A + B := {a + b : a e A, be B}, 

Freiman proved that if A is a finite subset of Z satisfying 

\A + A\<K\A\ (1.1) 

then A is contained in a progression P of rank r 1 and cardinality \P\ -C^ 
| .A |, which is to say a set of the form 

P = {x + l\X\ + . . . + l r x r :0<h< Li}. (1.2) 

Ruzsa [10] subsequently gave a simplified proof of this result. 

In a more general abelian group G it still makes sense to ask for a classifi- 
cation of sets satisfying (|1.1|) . However, Freiman's theorem cannot hold exactly 
as stated for Z, since if G is a finite abelian group of high rank then G itself 
satisfies Q1.10 for every K > 1, but it cannot be contained in any set P of the 
form (TO]) . 

Nonetheless, Green and Ruzsa [7] showed that this is essentially the only way 
in which Freiman's theorem can fail in an abelian group. Indeed, they showed 
that if G is an arbitrary abelian group and A C G satisfies (jl.l|) then A is 
contained inside a set H + P, where H is a subgroup, P is of the form (jl.2p and 
-ff + P| |A|. A set of this form is called a coset progression. Their result is 
stated precisely, with explicit bounds, as Theorem [53] in the present work. The 
best bounds currently available for a result of this type in an arbitrary abelian 
group are due to Sanders [12"] . 

It is natural to ask whether similar results hold in non-abelian groups. To 
do so requires some more notation. If A and B are subsets of a multiplicative 
group then we denote by AB the set {ab : a e A, b 6 B} and by A" 1 the set 
{a' 1 : a € A}. We define A 1 := A and A n := A(A n ^ 1 ). Similarly, if A is 
a subset of an (additive) abelian group then we define —A := {—a : a e A}, 
1A := A and nA := A{{n - 1)A). 

The most naive analogue of condition (11.11) for a non-abelian group would be 
the condition \AA\ < K\A\. However, it turns out (see [T3] for details) that 
the appropriate analogue in the non-abelian setting is to require that A is an 
approximate group, defined as follows. 

Definition 1.1 (Approximate groups). Let G be a (multiplicative) group and 
let K > 1. A finite set A in G is called a K -approximate group if 

(i) it is symmetric, which is to say that A^ 1 = A, and contains the identity; 

(ii) there is a symmetric subset X with \X\ < K such that A 2 C X A. 



M. C. H. Tointon 



3 



Remark 1.2. Some authors insist that the set X lies inside A 2 , but we will not 
need this additional condition. In any case, one can without loss of generality 
assume that Xc^l 

Remarkably, Breuillard, Green and Tao [2] have shown that, with a suitable 
modification of the notion of a progression, if A is a ^-approximate group 
inside an arbitrary groupQ then A can still be described in terms of a subgroup 
and a progression. Specifically, they show that A 4 contains a set HP satisfying 
\HP\ ^>k \A\, where H is a normal subgroup of a subgroup Go of G and the 
image of P in the quotient Gq/H is a nilprogression of rank and step Ok{^), 
defined as follows. 

Definition 1.3 (Nilprogressions). Let x\, . . . ,x r be elements that generate an 
s-step nilpotent group and let L = {L\, . . . , L r ) be a vector of positive integers. 
Then the set of all products in the Xi and their inverses, in which each xt and 
its inverse appear at most Li times between them, is called a nilprogression of 
rank r, step s and side lengths L±, . . . , L r , and is denoted P*{x\, . . . , x r ; L). 

The proof of this result is long and far from elementary, and the bounds it gives 
are ineffective, and so it is of interest to have shorter proofs and better bounds 
for particular classes of G. 

A fair amount is known in the case in which G is a nilpotent group. For example, 
an old argument of Ruzsa [11] can easily be adapted to show that if G is s-step 
nilpotent and every element of G has order at most m then a if-approximatc 
group A must be contained inside a genuine subgroup of cardinality at most 
OK,m,s{\A\). On the other hand, Breuillard and Green Q] have shown that 
if A is a subset of a torsion-free nilpotent group then A is 'controlled!! by a 
set P(xx, . . . , x r \ L) called a nilpotent progression, which we define in Definition 
IA.5I The notion of a nilpotent progression is not equivalent to that of a nilpro- 
gression, but the two are closely related. See Appendix IA1 for details. 

When a nilpotent group G contains elements of finite but unbounded order, 
however, the question has remained open. The present work resolves this ques- 
tion. Specifically, we prove the following result. 

Theorem 1.4. Let G be an s-step nilpotent group. Suppose that A C G is a 
K -approximate group. Then there exist a subgroup H of G, normalised by A; 
an integer k < K 0s ^ ; elements x%, . . . , Xf. of G; and lengths L = {L\, . . . , Lk) 
such that the nilprogression P* — P* (x\ , . . . , Xf.; L) and the nilpotent progression 
P = P(xi, ...,x k ;L) satisfy 

A c HP* cHPc A K ° A1) . 

Remark 1.5. In particular, by Lemma [27l \HP*\ < \HP\ < e K ° sW \A\. 

An immediate corollary of Theorem ll.4l is the following refinement of the Breuillard- 
Green theorem. 



1 Their result is also valid in the more general setting of local groups. 

2 The notion of control is standard in approximate group theory and gives a way of describ- 
ing one set in terms of another. See ^ 1131 for details. 



M. C. H. Tointon 



4 



Theorem 1.6. Let G be torsion-free s-step nilpotent group. Suppose that 
A C G is a K -approximate group. Then there exist k < K° styl \ elements 
X\ , . . . , Xk of G and lengths L — (L\, . . . ,Lk) such that the nilprogression P* = 
P*(x\, . . . , Xk] L) and the nilpotent progression P = P{x±, . . . ,Xk', L) satisfy 

A cP* cPcA K ° A1 \ 

Remark 1.7. In particular, by Lemma \2. 71 \P*\ < \P\ < e^ "' 1 ' 

Remark 1.8. It follows from [3] that the group generated by A in Theorem II .61 
is of nilpotency class at most 0^(1), and so the bounds in Theorem ll.Gl can be 
taken to be independent of s (though they will no longer be polynomial in K)^ 

Remark 1.9. In principle it should be possible to reduce the rank k of the 
nilprogression in Theorems 11.41 and 11.61 to 6\og 2 K, as in [5J Theorem 2.12], 
although this would be at the expense of having A covered by 0^(1) translates 
of HP* rather than just one. We do not pursue this matter in the present work. 

Many of the arguments we use to prove Theorem 11.41 are considerably simpler 
under the assumption that G is torsion free, and in that case they yield a very 
different proof of Theorem 11.61 from the argument of Breuillard and Green. 
Therefore, although Theorem 11.61 can be deduced directly from Theorem 11.41 
before proving Theorem II .41 we present a direct proof of Theorem ll.6l This will 
motivate much of what comes later, as well as making the arguments easier to 
digest initially. 

The starting point for the proofs of Theorems ll.4l and ll.6l is the so-called splitting 
lemma of Tao [131 Lemma 7.7], which we present in Section[5] If an approximate 
group A lies inside a group G with normal subgroup N, this lemma essentially 
allows one to express A in terms of an approximate subgroup C oiG/N and an 
approximate subgroup B of N . 

As was pointed out in 13 , this suggests an inductive approach to the study 
of nilpotent approximate groups, since taking N = [G, G] in the case of a nilpo- 
tent group G would mean that both B and C were nilpotent of lower step. 
However, a difficulty in applying the splitting lemma, also identified in [13 , is 
that it gives A C <p(C)B, where is a certain 'approximate homomorphism' 
from G/N to G, and such approximate homomorphisms seem to be difficult to 
classify. 

With this in mind, the principal combinatorial idea contained in the present 
work is to be found in Proposition 13.21 in which we are able to use the prop- 
erties of 4>, as well as a converse to the splitting lemma that is also found in 
[T3] , to express A in terms of a bounded product of approximate groups of lower 
step, without ever having to describe <f> in detail. A fairly standard application 
of an argument of Chang then allows us to place A inside a product A\ ■ ■ ■ A r 
-approximate groups of lower step, in which Ai C A°^ and r < K ^. 

Once we have this statement the problem basically becomes an algebraic one. In 
particular, in the torsion-free case it is straightforward to proceed by induction 
to a situation in which the Ai are all abelian. The Green-Ruzsa theorem then 



3 Thanks to Ben Green for pointing this out. 
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allows us to assume that A is contained inside a product of abelian progressions, 
and it is then a conceptually easy, if technically tedious, matter to place A in- 
side a nilpotent progression. The details are given in Section [3] The procession 
from containment inside a product of abelian progressions to containment inside 
a nilpotent progression relies on various results about commutators, which we 
present in Appendix iBl 

Once we introduce the possibility of torsion into the problem the need to deal 
with finite subgroups makes things somewhat trickier. In Section 2] we describe 
our strategy for dealing with the resultant issues, before concluding the argu- 
ment in Sections [5][8] 

The arguments of Section [S] in particular rely on certain fundamental properties 
of p-groups; we present these properties in Appendix [C] 
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2 Tools from the literature 

In this section we collect together some tools from the literature on approximate 
groups. We start by reviewing some elements of abelian approximate-group 
theory. Given a set A in an abelian group, define the doubling constant of A to 
be the quantity |A+v4|/|A|. The key abelian result is the following generalisation 
by Green and Ruzsa of Freiman's theorem. 

Theorem 2.1 (Green-Ruzsa). [7] Suppose that X is a symme tri® subset of 
an abelian group with doubling constant at most K . Then AX contains a coset 
progression H + P of rank at most and cardinality at least e K ( ' | | . 

The following covering argument of Chang shows that the approximate group 
A is covered by a few translates of the coset progression H + P given by Theo- 
rem o 

Proposition 2.2 (Chang). Let G be a group and suppose that A C G is a 
K-approximate subgroup. Let B C A M be a set with \B\ > |A|/C. Then there 
exist sets Si, . . . , St C A with t <C logC + M log K such that \Si\ < 2K and 

A c SjL 1 ! • • • Si l B~ l BSi ■■■S t . (2.1) 

Proof. This is essentially identical to the argument given in [4], with the nota- 
tion abstracted to allow for applications in non-abelian groups. Set Bq := B. 
Now, given Bi, let Ri+i be a maximal subset of A with respect to the property 

4 We assume symmetry here, and throughout this section, for purely notational reasons, so 
as to avoid the need to distinguish between X and —X. 
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that the translates BiX with x G Ri+i are disjoint. If |i2»+i| > 2K then let Si+i 
be an arbitrary subset of R4+1 of cardinality 2K and set -Bj+i := BiSi+i- If 
< 2K then set Sj+i = Ri+i and stop. 

The fact that the translates BiX with x 6 Sj+i are disjoint implies that = 
l-Bill'S'i+il, which in turn implies that that 

\B t \ = \B\\Si\---\S t \ > (2KY\A\/C. (2.2) 

On the other hand, we have 

B, c BSi'-'Si C A M+ \ 

and so 

\Bt\ < K M+i \A\. (2.3) 
Combining (|2.2[) and (|2.3[) we see that 

2 l K l < CK M+l , 

which in turn implies that i <C log C + M log K . The algorithm therefore termi- 
nates after at most 0(log C + M log K) steps, and so we have defined Si , . . . , St 
with \Si\ < 2K and t <C logC + MlogK, as required. To prove (12.11) . note that 
St C A is maximal with the property that the translates B t -ix with x G St 
are disjoint, where of course -Bt-i = BSi ■ ■ ■ St-i- This implies in particular 
that for every a G A there exists x £ St such that B t -ix D B t -ia ^ 0, and so 
A C B^Bt-iSt, which is precisely (j2~Tl) . □ 

Indeed, by viewing the sets Si given by Chang's covering argument as extra 
dimensions in the progression P given by Theorem 12.11 we may in fact assume 
that A is contained in H + P. The details of that argument are given in [7]. 
The resulting statement is as follows. 

Theorem 2.3 (Green-Ruzsa). [7] Suppose that X is a symmetic subset of 
an abelian group with doubling constant at most K . Then there is a subgroup 
H C 4X and a progression P = P(xi, . . . L) of dimension at most 
such that 

Xi^AX (i = l,...,k) 

and 

X C H + P C K oil) X. 

We now move on to the more general theory of approximate groups, beginning 
with the following straightforward result. 

Lemma 2.4. Let G be a group and let p : G — >■ H be a homomorphism with 
finite kernel. If A C H is a K -approximate group then the pullback p~~ {A) is a 
2K- approximate group. 

Proof. By definition there is a symmetric set X of cardinality at most K such 
that A 2 C XA. For each x € X select an element u>(x) £ p^ 1 (x). Set 
X = {uj(x) : x £ X} U {w(a;) _1 : x G X}, so that X is symmetric and of 
cardinality at most 2K. 
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Now given ai,a 2 E p^ 1 (A), note that by definition of X there exist x E X 
and a E p^ 1 (A) such that p(ai)p(a 2 ) = xp(a). This implies that there ex- 
ists b E kerp such that a\a 2 = uj(x)ab. However, ab E p~ l (A), and so 
a\a 2 € The fact that kerp is finite certainly implies that p^ 1 {A) 

is finite, and so p~ 1 {A) is indeed a 2if-approximate group. □ 

Remark 2.5. If we were to assume additionally that H had no elements of order 
2 then we could insist that uj(x~ 1 ) = lu(x)~ 1 so that {uj(x) : x g X} was 
symmetric, and hence conclude that p~ l (A) was a if-approximate group. 

Remark 2.6. It is also trivially the case that if A is a if-approximate subgroup 
of G then p(A) is a X-approximate subgroup of H. 

Lemma 2.7. 1 1 31 §3] If A is a symmetric subset of a group, and contains the 
identity and satisfies \A\ 3 < K\A\, then A 3 is an 0(K°^)- approximate group. 
Furthermore, if A is a K -approximate group then \A n \ < K n ~ 1 \A\ for every 
positive integer n. 

Lemma 2.8. Let G be a discrete group with subgroup H and suppose that A C G 
is a K -approximate subgroup. Let m > 2. Then the set A m n H is a K 2 " 1 ^ 1 - 
approximate subgroup and can be covered by at most K m ~ l left-translates of 
A 1 II. 

Proof. This is essentially found in [1 Lemma 10.3]. Since A 2 n H C A m n H 
and (A m n H) 2 C A 2m n if, the second conclusion of the lemma would imply 
that (A m n H) 2 could be covered by K 2m ^ x translates of A m n if, and hence 
that A m l~l H was a lf 2m ~ 1 -approximate group. It therefore suffices to prove 
the second conclusion of the lemma, namely that A m n H can be covered by at 
most K m ~ x left-translates of A 2 n H. 



The fact that A is a if-approximate group implies that there is a symmetric 
subset Y of cardinality at most if" 1-1 such that A m C y^4, and in particular 
that 

A m n ff c FA. (2.4) 

We may assume that Y is minimal such that (|2.4I) holds, and hence that for 
each element y E Y there exists an element 

v(y)EHnyA. (2.5) 

Fix an arbitrary y E Y and note that (|2.5|) implies that there exist s£i such 
that 

v{y) = y«- (2-6) 
Now note that for arbitrary a 1 E A we have ya' = ^(y)a _1 a' by (|2.6p . and so 

yA c j^)A 2 . (2.7) 

Moreover, (|2.5p implies that € if, which certainly implies that H C v(y)H . 
Combined with (|2.7[) this gives 

t/Anfl c ^(y)(A 2 ni/). (2.8) 
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Since y was arbitrary, combining (|2.4I) and (12.81) yields, 

A m nH c |J i/(y)(j4 2 nfl], 

from which the result is immediate. □ 

The rough strategy of the present work is to induct on the step s of G by 
splitting G into [G,G] and G/[G,G], each of which has step less than s. The 
behaviour of A under this splitting is described by the following lemma. 

Lemma 2.9 (Tao's splitting lemma). Let G be a discrete group and let H 
be a normal subgroup. Write n : G — > G/H for the canonical homomorphism. 
Suppose that A C G is a finite symmetric set. Then there exists a partial inverse 
(j) : 7r(A m ) — > A' n to n satisfying the following conditions. 

(i) (/>{n(A r )) cA r forr=l,...,m. 

(ii) 0(1) = 1. 

(Hi) For every x\, . . . ,x n £ ft(A r ) with X\ ■ ■ ■ x n = 1, and every Si — ±1, we 
have (^(xl 1 ) £1 ■■■ ) £ " G A rn n H. 

(iv) A c <I)(tt(A))(A 2 nH). 

Remark 2.10. In light of Remark l2.6l and Lemma 1^51 the splitting lemma gives 
a if-approximate group C C G/H and a /^-approximate group B C H such 
that A C (j){C)B. 

Proof of Lemma \2. 9\ The proof is all essentially contained in [T31 Lemma 7.7]. 
It is trivial that there exists a partial inverse <p to 7r satisfying conditions (i) 
and (ii); we claim that cj> must additionally satisfy conditions (iii) and (iv). 



To see that <f> satisfies condition (iii), note that if x% ■ ■ ■ x n = 1 in G/H then this 
implies by definition that (^(x^ 1 ) 61 ■ ■ ■ <f>(x^) erl lies in H. The fact that it also 
lies in A rn is immediate from the symmetry of A and condition (i). 

To verify condition (iv), note that for every a £ A it follows from condition (i) 
and the symmetry of A that </>(7r(a)) _1 a 6 A 2 , and hence that a s <fi(ir(a))A 2 . 
Furthermore, the fact that a and <p(ir(a)) lie in the same fibre of 7r implies that 
a e (f>(w(a))H. Thus A C <j}(Tr(A))(A 2 n H), as required. □ 

Remark 2.11. If G has no 2-torsion then we may insist, as was done in [13] . 
that (/>(x _1 ) = 0(x) _1 for every x, in which case the exponents Si featuring in 
condition (iii) will be superfluous. 

When applying the splitting lemma we shall repeatedly use the following ob- 
servation; it is essentially trivial, but we record it as a lemma for ease of later 
reference. 

Lemma 2.12. Let G be a discrete group with a normal subgroup H. Write 
7r : G — > G/H for the canonical projection and suppose that (f> : G/H —¥ G is a 
partial inverse to n. Let C C G/H and let B C H . Then \4>{C)B\ = |C||B|. 

5 Since A is finite there is no need to appeal to the axiom of choice here, as was pointed 
out in |13| . 
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Proof. The cosets <fi(c)H for c G C arc disjoint, and so in particular the sets 
<fi(c)B are disjoint. □ 

Corollary 2.13. Let G be a discrete group with a normal subgroup H and write 
7r : G — > G/[G,G] for the canonical homomorphism. Suppose that A C G is a 
finite symmetric set. Then \t:(A)\\A 2 C\H\> \A\. 

Proof. This is immediate from Lemmas 12.91 and 12.121 □ 

We close this section with the following converse to the splitting lemma. 

Lemma 2.14 (Converse to the splitting lemma). Let G be a discrete group 
with normal subgroup H , and write it : G — > G/H for the canonical projection. 
Suppose that C C G/H and B\ C B 2 C B3 C -B4 C H are symmetric sets 
containing 1 such that 

IC 3 ] < Jfi|C|; (2.9) 
|B4|<ifa|-Bi|i (2-10) 
\Bl\<K z \Bi\. (2.11) 
Suppose further that <f> : C 3 — > G is a partial inverse to it such that 

<j)(x)Bi<i)(x)- 1 C B l+1 ; ^(x)- 1 Bi(j>{x) C B i+1 for all x £ C (2.12) 

and such that whenever = ±1 we have 

4>{x\ 1 f 1 (j){xl 2 f' 1 4>{x e 3 3 f 3 (j){xl i f i G B 4 for all Xl G C 3 with Xl x 2 x 3 x A = 1. 

(2-13) 

Then we have 

\(<l } (C)B 1 UB 1 <j } (C)- 1 f \ < K 1 K 2 K 3 \(<f>{C)B 1 UB 1 ^(C)- 1 )\. 

In particular, by Lemma \2. 7[ ((t>(C)BiL)Bi(t>(C)~ 1 ) 3 is a (KiK^Ks) ^ -approximate 
group. 

Proof. This, again, is essentially found in [T31 Lemma 7.7]. Let Xi, X 2 , X3 G 
(</>(C)Bi U fii^(C) -1 ) and write Xi := n(Xi); then either X { 6 4>{xi)B\ or 
Xi G Bi(f>(x^~ In each case, repeated application of (|2.12l) implies that 

there exist gj = ±1 such that 

M 2 *3 G 0(^ 1 ) £l 0(^ 2 ) £2 0(x^) £3 B 3 . 

An application of (|2.13|) then implies that 

X X X 2 X 3 G c^i^s)^ c 0(C 3 )B|. (2.14) 

Lemma l2"42l combines with ([2T9]). (|2TTU|) and (j2"TT1) to imply that |0(C 3 )B| < 
J ftTii^T2^3|0(C)-Bi |, and in conjunction with (|2.14l) this gives the result immedi- 
ately. □ 
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3 The torsion-free case 

We will seek to use the splitting lemma to express A in terms of approximate 
groups of lower nilpotency class. To motivate matters, we consider first the 
torsion-free case, where the details are cleanest. The key result is the following. 

Proposition 3.1. Let G be a torsion-free s-step nilpotent group with s > 2 and 
suppose that A C G is a K -approximate subgroup. Then there exist an integer 
r < and -approximate groups Ai, . . . ,A r C A°^ x \ each of which 

generates a subgroup of step less than s, such that 

A C Ax ■ ■ ■ Ar. 

We deduce Proposition 13.11 from the following result. 

Proposition 3.2. Let G be a torsion-free s-step nilpotent group and suppose 
that A C G is a K -approximate subgroup. Then there exist an integer r < K°^ l > 
ana 

K o(i) 

-approximate groups A\, . . . , A r C A ^ x \ each of which generates a 
subgroup of step less than s, such that 

\Ax---A r \ >e- K ° m \A\. 

Proof. Write tt : G — > G/[G,G] for the natural projection; then n(A) is triv- 
ially a if-approximate group, and so by Theorem 12.11 there is a proper abelian 
progression P = P(x\, . . . , x r ; L) of dimension 

r < (3.1) 

such that 

P C vr(A 4 ) (3.2) 

and 

\P\>e- K ° (1) \7r(A)\. (3.3) 

Set 

X n :=A n n[G,G], 

and for each i = 1, . . . , r write 

Pi := {Ixi : \l\ < Li] 

so that P = P% + . . . + P r . Let 4> be a partial inverse 4> '■ 7r (^ 12 ) —> A 12 to tt 
given by applying Lemma 12.91 in the case m = 12. By conditions (i) and (hi) of 
that lemma and (|3.2p . for any l\, . . , , l r satisfying \U\ < Li we have 

(j){hxi + . . . + l r x r ) 6 4>{hxi + . . . + l r -ix r -i)4>(l r x r )Xi2 

C 4>{hxi + ■ • ■ + lr-2Xr-2)Xi24>(l r -lX r -l)Xi24>{lrXr)Xi2 



and hence 



C 4>{llXi)(j){l2X2)X 1 2 ■ ■ ■ (j)(l r -iX r -x)Xi2<fr(lrXr)Xl2, 
4>{P) C 4>{Pl)4>{P2)X 1 2 ■ ■ ■ <j>{P r - X )X l2 4>{P r )X l2 (3.4) 
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Now p. 21) , condition (i) of Lemma 12.91 and the symmetry of A imply that 

cbiyy'B^iy) C B n+8 ; ^P^y)" 1 C B n+8 for all y £ P, (3.5) 
and so from (|3.4[) we can conclude that 

4>{P) C 4>{Pi)X 20 <t>{P 2 )X 2 v ■ ■ ■ 4>{P r ^)X 20 <t>{P r ), 

and hence that 

4>{P)x 20 c 4>{Pi)x 2 v4>{P 2 )x w ■ ■■4>{P r )x w . (3.6) 

Now Lemma [2H implies that \X*\ < K° (n ^\X n \ and that \X n \ < K n \X n ,\ 
for every X n i, and of course we have |3P<| < 3|Pj|. Combined with (|3.5[) and 
condition (iii) of Lemma 12.91 this means that we may apply Lemma 12.141 with 
C = Pi, Bi = X 20 , B 2 = X 2S , B 3 = X 36 and B4 = X 4S to conclude that 

A % := (^X^UX^P,)- 1 ) 3 

is a K '''^-approximate group. 

By the definitions of </> and X n we have Ai £ A ^, as desired. To see that 
1-4 1 • • • A r \ > e~ K ° {1) \ A\, simply note that 

\A l ---A r \>\ ( f)(P)X w \ (by §M) 

= |P||X 20 | (by Lemma 

> e~ K ° (1) \tt(A)\\X 20 \ (by Q) 



> e~ K \A\ (by Corollary I2T3]). 

Finally, note that for |/| < Li we have (j)(lxi) C (j)(xi) l [G, G], and so (j)(Pi)X 20 , 
and hence Ai, is a subset of the group {4>(xi))[G, G], which is of step at most 
s — 1. This completes the proof. □ 

Proof of Proposition \3.1l Proposition 13.21 gives an integer 

k < (3.7) 

and if ^^-approximate groups 

A u ...,A k £ A°M, (3.8) 
each of which generates a subgroup of step less than s, such that 

\A^-.A k \>e- KOW \A\. (3.9) 
By (|3.7p and p.8[) we also have 

A.-.-AkCA^. (3.10) 

In light of ([33)1 and (j3~TU)) . applying Proposition to A x ■ ■ ■ A k with M = 
K°W and C = e K ° W then yields sets 

Si,...S t cA (3.11) 
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with 

t < (3.12) 

and 

\S l \<2K (3.13) 

such that 

A c Sr-i • • • S^A k ■ ■ ■ A\A\ • ■ ■ A fc Si ---St. (3.14) 

Let si, 82, ■ ■ ■ , s m be a list of all elements of Si, followed by those of S2, then 
those of S3 and so on all the way up to the elements of St, noting that if an 
element belongs to more than one set Si then it will appear on the list more 
than once. Note that (|3.12[) and (|3.13l) imply that 

m<K°W. (3.15) 

It follows from (|3~14l that 

A c P(s m ; 1) • • • P(si; l)X k ■ ■ ■ X 1 X 1 ■ ■ ■ X k P( Sl ; 1) • • • P(s m] 1). (3.16) 

For each i the set P(si; 1) is an abelian 2-approximate group, and by (|3.11[) 
it lies inside A, and so the desired result follows from (|3.7[) . (|3.8p . (|3.15l) and 

dm . □ 

Corollary 3.3. Let G be a torsion-free s-step nilpotent group and suppose that 
A C G is a K -approximate subgroup. Then there exist an integer r < K° s ^ 
and abelian K° s ^ -approximate groups A%, . . . , A r C A 0b ^ such that 

A c Ai ■ ■ ■ A r . 

Proof. This follows from Proposition 13.11 and induction. □ 

By Theorem 12.31 of course, we can place each abelian approximate group Ai 
given by Corollary 13.31 inside an abelian progression, and hence place A itself 
inside a product of abelian progressions. We now define a structure that will 
encompass such a product. 

Definition 3.4 (Ordered progression). Let x\, . . . ,x r 6 G and let Li, . . . ,L r G 
N. Then the ordered progression on generators Xi, . . . ,x r with lengths L\, . . . , L r 
is defined to be 

P olA {xi,...,x r ;L) := {x 1 ^ ■■■x l r r : \k\ < Li}. 
Define r to be the rank of P rd(^i) ■ ■ • ,x r ; L). 

The nilprogressions, nilpotent progressions and ordered progressions defined in 
Definitions 11.31 IA.5I and 13.41 are not, in general, the same objects. We do, 
however, have the following statement, which shows that we can at least pass 
from one to another fairly efficiently. 

Proposition 3.5. Let G be an s-step nilpotent group and suppose that x\ , . . . , x r £ 
G and Li, . . . , L r 6N. Then 

P OT< i(xi,...,x r ;L) c P*(xi,...,x r ;L) C P(xi, . . . ,x r ;L) C P or d(zi, • • • , x r ; Lj l ' 
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The proof of Proposition 13 . 51 relies on material on commutators from the appen- 
dices. In particular, we make use of the notions of basic commutators, defined 
in Definition IA.41 and commutator forms, defined in Definition IB. 21 

To facilitate the proof of Proposition 13.51 we introduce one more piece of no- 
tation. Given group elements x\ , . . . , x k and a vector of positive integers L — 
(Li, . . . , Lk) we define 

k 

B(xi, ...,x k ;L) := (J{^Xi : \k\ < Li}. 

i=l 

We note the trivial inclusion 

B(xi,...,x k ;L) C P old (xi,...,x k ;L), (3-17) 

and that the role of B(x\ , . . . , x k ) L) in our argument will be comparable to that 
of the set b appearing in the proof of [1] Proposition 4.4] . 

Lemma 3.6. Let x\,...,x r be elements of an s-step nilpotent group and let 
L = {L\, . . . ,L r ) be a vector of positive integers. Let a be a commutator form 
of weight r. Then for every integer m satisfying \m\ < L% ■ ■ ■ L r we have 

a{ Xl ,...,x r y n £ B( Xl ,...,x r ;L) OA1 \ 

Proof. For r > s the commutator a(x\, . . . ,x r ) is equal to the identity and 
therefore the lemma holds trivially, and so we may assume that 

r <s. (3.18) 

We shall in fact show that 

a(x 1 ,...,x r ) m G B( Xl ,...,x r ;L)°^; (3.19) 
(|3.18[) shows that this is sufficient to imply the lemma. 

We may assume by induction that (|3 . 19[) holds holds for all commutators of 
weight greater than r. By symmetry of B(x\, . . . , x r ; L) we may assume that 
m > 0, and it then follows directly from |TJ Lemma 4.3] that there are non- 
negative integers 

< L % (3.20) 
for i = 1, . . . , r and j = 1, . . . , 2 r ~ 1 such that 

Hence 

a(x\, . . . , x r ) m — a(x\, . . . , x r ) 11 '"^ ' • • ■ a(xx, . . . , Xrf 1 '"^ (3.21) 
Let £i , . . . , Ct be as defined in the statement of Proposition IB. 41 and note that 

t < ns 1. (3.22) 
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It then follows from Proposition IB .41 that there exist, for i = 1, . . . ,t and j = 

\m[ 3) \<l xM (3.23) 



1, . . . , 2 r , integers m,- with 



such that 

a(xi,...,x r yi'"' 1 ?' =a(x'? ,...,Xr r ')Ct' lt •••Ci* 1 



Substituting this into (I3.21j) we may conclude that 

a(ii , . . . , x r ) m = [] a^i 1 , ■ • ■ , x 1 / )C t mt ■ • • d 1 • (3.24) 

Now (PHtJl) implies that 

a{xf ,...,xf) G B(a:i > ...,i r ;L) 0r(1) , (3.25) 
and by (|3.23p and induction we have 

C' 3 ' 6B(n,.,^;iP» (3.26) 

A combination of (|3~2"2"|) . (|3"^4]) . (|3~2"5t and (l3"^o| gives (13TT51) . as claimed. □ 

Proof of Proposition \3.5l The first inclusion is trivial and the second is given 
by Corollary IA.81 and so it remains only to prove the third inclusion. Write 
Ci , . . . , Ct for the list of basic commutators in the xt . The number of commutator 
shapes of weight at most s is clearly finite, and there are at most r s commutators 
in Xi, . . . , x r of any such shape, and so in particular we have 

i<r°*«. (3.27) 

It is clear from the definition of B that 

B(x jl ,...,x jk ;(L jl ,...,L jk )) c B(xx,...,x r ;L), (3.28) 

Moreover, for a given basic commutator Cj = a(xj t , . . . ,Xj k ) it follows from 
Lemma l3~6l that whenever \nii\ < L x ^ we have 

c i ' ^ B(Xj 1 , . . . , Xj k ; (Lj 1 , . . . , L.j k )) s ^ , 

which by ([3~T7| and (pQg)) implies that 

cT^P old (x 1 ,...,x r ;L)°^ 1 \ 

However, the elements of P(xi, . • . ,Xk]L) are precisely those of the form 

ci • • • <h 

with \m,i\ < L x ( Ci \ and so (|3.27p implies the result. □ 
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Proof of Theorem \1.6l By Corollary 13.31 there exist an integer 

r < K°>^ (3.29) 
and abelian if^W-approximate groups 

Ai,...,ArCA°'W (3.30) 

satisfying 

AcA 1 ---A r . (3.31) 

Theorem 12.31 implies that there exist, for each j = 1, . . . , r, an abelian progres- 
sion := P{x^>\ . . .,x k j) \L^) satisfying 

kj < (3.32) 

and 

AjCPM CA?°° W . (3.33) 

Combining (1X291) . (EOtO)) . (l33Tjl and (1^331) then implies that A C P (1) • • • P (r) C 

\ / (1) (1) (2) (2) (r) (r)s 

/ I t * II 1 * IT* T* T* i-r« v ' T v ' T* 1 

Vi/lj • ■ • j £/m; ■— V x l ! • • • : ' 1 ) * * * 3 ^fej ! • • • > x l i • • • ; x fe r 7 

CA^ AT \ — (TW 7-M T^ r h 

. . . , l\ m ) .— {L, 1 , . . . ,Li ki , . . . , lu k2 , . . . , L, 1 ,...,±, kr ), 



. i(-0,(l) . . 

A , and so wntm 



gives 

AcP old (y 1 ,...,y m ;N)cA KOsll> . (3.34) 

Furthermore, 

m < (3.35) 

by (j3T29| and (f3T32]) . Theorem [L6] then follows from (jX34l) . (EHS")) and Propo- 
sition 13.51 □ 



4 Strategy of the general argument 

Let us pause at this point to consider how the argument we used in proving 
Theorem II .61 might be adapted to work in an arbitrary nilpotent group. 

The key observation of the torsion-free argument was Proposition 13.11 which 
essentially allowed us to express an approximate group of step s as a product 
of Ok (1) approximate groups of step at most s — 1. However, such a statement 
is simply not true in the absence of the torsion-free assumption, as illustrated 
by the following example. 

Example 4.1. Let F be the free product of n copies of the cyclic group with 
two elements, and let G be the quotient F/F s+ i. This might reasonably be 
called the 'free s-step nilpotent group on n generators of order 2'. Then G is 
a genuine s-step nilpotent group, and so is certainly an s-step if-approximatc 
group for any K > 1. However, G cannot be expressed as a product of 0(1) 
sets of nilpotency class less than s as n — > oo. 
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Having observed that the statement of Proposition ^ . 1 I fails in an arbitrary nilpo- 
tent group, let us examine where the proof breaks down. The key to the proof 
of Proposition 13.11 was Proposition 13.21 which allowed us to place a product 
of approximate groups densely inside A K ° (1) . In the notation of that 

proposition, the proof had four major steps. 

Step 1. tt{A a ) contains a dense progression P = Pi + . . . + P r by Theorem 12. II 

Step 2. n [G, G] contains a set X such that the set (f>(Pi)X ■ ■ ■ <p(P r )X 

is dense m A 

Step 3. 4>{Pi)X has small tripling, and so (<p(Pi)XUX(j)(Pi)) 3 is an approximate 
group inside A°^ . 

Step 4. (j)(Pi)X lies inside {4>(xi))[G, G], which is easily verified to be of step 
at most s — 1. 

Analogues steps 1 to 3 hold in an arbitrary nilpotent group, although some 
modification is necessary due to the fact that Theorem 12.11 gives a coset pro- 
gression H' + P inside ir(A 4 ), rather than just a progression P. Specifically, 
inserting H 1 + P into the proof in place of P gives the following. 

Step 1'. tt(A 4 ) contains a dense coset progression H' + P = H' + P\ + . . . + P r 
by Theorem |2~T1 

Step 2'. A°^n[G, G] contains a set X such that the set <f){H')X4>{Px)X ■ ■ ■ <f){P r )X 
is dense m A 

Step 3'. <j)(H')X and <j)(Pi)X have small tripling, and so A := (<p(H')X U 
X<p(H')) 3 and A^^P^X U X^Pi)) 3 are approximate groups inside 

Step 4, on the other hand, is problematic, since Aq is not necessarily of step less 
than s. Furthermore, as Example 14 . 1 1 illustrates . this obstruction is unavoidable. 

Nonetheless, in the context of Theorem ll.4l all is not lost, as whilst Theorem ll.4l 
is stronger than Theorem 11.61 the conclusion of Thcorcm ll.4l in a torsion group 
is, in a certain sense, weaker than the conclusion of Theorem ll.6l Indeed, where 
Theorem 11.61 required us to show that a X-approximate group A was dense 
inside a nilprogression P* , Theorem 11.41 requires us only to show that the im- 
age of A in a quotient by some normal subgroup H C A rC ( ' is dense inside a 
nilprogression. This allows us to make the following reduction. 

Lemma 4.2. Let G and A be as in Theorem \1.4\ and assume additionally that 
G is generated by A. Suppose that N <\ G is a normal subgroup and that N C 
A K ( . Suppose Theorem \1.4\ holds in the quotient G/N. Then Theorem \l-4\ 
holds in G, albeit with different implied constants. 

Proof sketch. Write p : G — > G/N for the canonical projection. Since p(A) is 
a K- approximate group, the fact that Theorem 11.41 holds in G/N implies that 
there is a normal subgroup H of G/N and a nilprogression V C G/N such that 



p(A) c HP c p(A K ° W ). 
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However, the fact that N C A K 1 ' implies that 

icp- 1 (ff?)c/° (1) , 

and it is straightforward to check that H = p~ 1 (H) is a normal subgroup of G 
and that there is a nilprogression P* C G with the property that p~ 1 {HV) = 
HP*. □ 

The upshot of this is that if there is some subset B of A that we don't under- 
stand, then it is sufficient to find some normal subgroup N of G inside A K ° 
that contains B and restrict attention to the quotient G/N , in which the image 
of B is trivial. 



Let us return to the troublesome set Aq := (<j>(H')X U Xcj)(H')) 3 . The problem 
we had was that Aq was potentially of step s, whereas if we are aiming for an 
analogue of step 4 above then ideally we would like Aq to be of step at most 
s — 1. In light of Lemma 14.21 a reasonable substitute for Aq being of step s — 1 
would be the following. 

Step 4'. Ai is of step at most s — 1 for i > 1, and there is a normal sub- 
group N < G inside A K 1 ' such that the image of Aq inside G/N is of step at 
most s — 1. 



It turns out that achieving a statement of this type is indeed possible, and 
ultimately yields the following statement. 

Proposition 4.3. Let m > 0, s, s > 2 be integers. Let G be an s-step nilpo- 
tent group generated by a K -approximate group A, and let A be an s-step K- 
approximate group inside A m . Then there exist an integer r < K°^, a normal 
subgroup N inside A K ° m ' si ' and -approximate groups A\, . . . , A r C A°^ 

such that every commutator forn^ a of weight s satisfies a(Ai, . . . , Ai) C N for 
all i, and such that 

A c Ax ■ ■ ■ Ar. 

Remark 4.4. If G is assumed to be torsion free in Proposition 14.31 then the 
finite subgroup N is automatically trivial, and so we recover the statement of 
Proposition 13.11 

The next few sections are largely dedicated to the proof of Proposition [421 with 
the conclusion of that proof appearing in Section [7] 

Before we embark on the details in full, let us give a flavour of the overall 
argument in a particularly simple case, namely that of a 2-step p-group. In that 
case, Step 4' essentially requires that we identify a normal subgroup N < G in- 
side A K ° {1> that contains [Aq, Aq]. Since [Aq, Aq] is central, the group ([Aq, Aq]) 
generated by [Aq, Aq] will automatically be normal, and so in fact it is sufficient 
to show the following. 

Lemma 4.5. In the case that G is a 2-step p-group generated by A we have 
([Aq,Aq])cA k ° (1) . 



Commutator forms are denned in Dcfinition lB.2l 
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Proof sketch. The proof rests on the observation that in a 2-step group the 
identities (|B.2|) and (|B.3[) imply that the commutator bracket [ , ] is a homo- 
morphism in each variable. Moreover, the definition of a 2-step group implies 
that [ , ] is trivial if either argument belongs to [G, G] . Thus [ , ] induces a well 
defined map ip : G/[G, G] x G/[G, G] -> [G, G] given by 

<p(Tc(x),ir(y)) = [x,y], 

and this map is also a homomorphism in each variable. In particular, since 
ir(A ) = H', we have [A ,A ] = <p{H',H'). 

Now ip(H',H'), and hence [Aq, Aq], is a union of the subgroups <p(H',h) with 
h G H' . To deal with such sets we have the following result. 

Lemma 4.6. Let T be an abelian p-group of rank r (written multiplicatively) 
and suppose that X cT is a union of subgroups ofT. Then 

(X) C x r . 

Proof. Lemma IC . 1 1 implies that (X) is of rank at most r, and so Lemma I C . 2 1 im- 
plies that there exist elements x\, . . . ,x r G X that generate (X). It follows that 
(X) = (xi) ■ ■ ■ (x r ). However, the assumption that X is a union of subgroups 
implies that (xi) C X for each i, and so (xi) ■ ■ ■ (x r ) C X r and the lemma is 
proved. □ 

Remark 4.7. The assumption in Lemma [4.6l that T is a p-group is necessary. The 
statement fails, for example, if T = Z/6Z and X is the union of the subgroups 
{0, 2, 4} and {0, 3}. This is not surprising in light of Remark IC .41 

Now [Ao,Ao] is a subset of A°^ n [G, G], which is a set with doubling con- 
stant at most K ^ 1 ' by Lemma T2.8I Theorem 12.31 therefore implies that there 
is a subgroup U C A°^ and a progression Q of rank at most such that 

A°^ n [G, G] C HQ. Write r : G — > G/U for the canonical projection and note 
that the rank bound on Q implies that [t(Ao), t(Ao)] lies in an abelian p-group 
of rank at most K ^. 



It therefore follows from Lemma 14761 that 

MA ),r(A )}} c[r(A ),r(A )] K ° (1 \ 

and hence that 

([A ,A a ])c[A ,A ] KO<1) UcA K ° ll \ 
as desired. □ 

In the next few sections we generalise these arguments to deal with arbitrary 
nilpotent groups. 



5 Images of multi-variable homomorphisms 

In the previous section we observed that in a 2-step group the commutator 
bracket is a homomorphism in each variable. The following generalisation of that 
statement is an immediate corollary of Proposition lB.3l Recall that commutator 
forms are defined in Definition IB. 21 
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Lemma 5.1. If a is a commutator form of weight s and G is an s-step nilpo- 
tent group then a is a homomorphism in each variable on G. Furthermore, 
a{x\, . . . ,x s ) is trivial whenever there is some i with Xi £ [G, G\. 

The final conclusion of Lemma 15. II is particularly useful in conjunction with the 
following result, the proof of which is left as a simple exercise. 

Lemma 5.2. Let k > be an integer and let T, T%, . . . , Tk be groups. For each 
i = 1, . . . , k letT'i be a normal subgroup ofTi, and write pi :Ti —¥ I^/I^ for the 
canonical homomorphism. Suppose that ip : T\ x • • • x I\. — > T is a map that is 
a homomorphism in each variable, and suppose that ip is trivial whenever there 
is an i such that the ith argument of if belongs to T^. Then the function 

i> ■. ryr; x • • • x iyr' fc -> r 

(px(xx),...,pk(x k )) >-> (fi(xi,...,X k ) 
is well defined and a homomorphism in each variable. 

Moreover, if for each i there is a subgroup Hi ofTi/T^ and a set Xi C I\ 
satisfying pi(Xi) = Hi then we have 

p(X 1 ,...,X k )=iP(H 1 ,...,H k ). 

With this in mind, in this section we study such 'multi-variable' homomor- 
phisms. The main result is the following variant of Lemma 14.61 Here, and 
throughout the present section, abelian groups will be written multiplicatively 
for clarity. 

Proposition 5.3. Let k > be an integer, let Ti, . . . ,T k be finite nilpotent 
groups and let T be an abelian group of rank at most r. Let ip : Ti x • • • x T k — > T 
be a map that is a homomorphism in each variable. Then 

(<p(r 1 ,...,r k ))c<p(r 1 ,...,r k y. 

We start with the following observation, which is essentially identical to an 
observation made in the previous section. 

Lemma 5.4. Provosition \5.3\ holds when T is a p- group. 

Proof. This follows immediately from Lemma 14.61 and the observation that 
tp(Ti, ■ • ■ , Tfc) can be expressed as a union of the subgroups <p(Ti, X2, ■ ■ ■ , x k ) 
with Xi 6 r^. □ 

A key fact that will enable us to proceed from Lemma Hx4l to Proposition 15.31 is 
the following alternative characterisation of nilpotency in a finite group. 

Proposition 5.5. [8j Theorem 10.3.4] A finite group is nilpotent if and only if 
it is a direct product of p- groups. 

The proof of Proposition 15.31 then rests on the following observation. 

Lemma 5.6. For i — 1, . . . ,k letTi = Y\ p ^i{p) be a direct product of p- groups 
Ti(p), and let T = T(0) <g> Y[ v ^(p) be a direct product of a torsion-free abelian 
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group r(0) and abelian p-groups Y(p). Let <p : X • • • X Y k — > Y be a map that 
is a homomorphism in each variable. Then whenever Ui(p) € Yi(p) we have 



and 



p(ui(p),...,u fc (p))er(p) (5.1) 



<p(Il P Mp), ■ ■ ■ ,U P Mp)) = U P <f{ui{p), u fc (p)). (5.2) 



Proof. Since ip is a homomorphism in each variable, the order of ip(u\ (p), . . . ,u k (p)) 
divides the order of each itj(p). One consequence of this is that the order of 
<p(ui(j>), . . . , Uk{p)) is a power of p, and so (|5.ip holds. Another consequence is 
that if i < j and p =/= q then 

¥>(*,..., *,«i(p), *,Uj(q), *,...,*) = 1, 

regardless of the starred entries, and so expanding ^(JIp u i{p)i ■ ■ ■ > lip u k{p)) m 
each variable gives (|5.2p . □ 



Proof of Proposition 15.31 Proposition 15.51 implies that we can express each I\ 
as direct products of p-groups, as in Lemma 15.61 Furthermore, the structure 
theorem for finitely generated abelian groups shows that we decompose Y as a 
direct product T(0) ® Y\ p Y{p) of a torsion-free abelian group T(0) and abelian 
p-groups Y(p), also as in Lemma l5.6l Write n p for the canonical projection of Y 
onto Y(p), and note that if X is a generating set for Y then tt p (X) is a generating 
set for Y(p). In particular, this gives 



rank Y(p) < r. 



(5-3) 



,r k (p)y. 



(5.4) 



Furthermore, n p o ip is a map from Ti x • • • x to T(p) that is a homomorphism 
in each variable, and so Lemma 15.41 combines with (|5.3p to give 

(■n- p ((f(Y 1 ,...,Y k ))) C n p (<p(Yx, 

Combined with Lemma 15.61 this implies that 

(<p(Fi(p),...,r k (p)))c<p(x 1 (p), 

We therefore have 

(<p(Y 1 ,...,Y k )} = ( ( p(jl p Y 1 (p) 

= n p Mri(p),. 

cn>(Ti(p), 
= (n,v(r 1 (p), 

= v(n p r 1 ( P ),...,n p r fc (p) 
= <^(r 1 ,... ) r fc r, 



•,n p r fe (p) 

.,r fc (p)) 

,r fc (p))) 
,r fc (p)) r 

■ ,r fc (p)) 



by Lemma 15.61 
by ((23} 

by Lemma 



as desired. 



□ 
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6 Placing arbitrary subgroups inside normal sub- 
groups 

Even if we were to assume Proposition ^. 31 and hence reduce to the case in which 
the approximate group A could be placed inside a bounded product A\ ■ ■ ■ A r of 
approximate groups of lower step, there would still be a significant obstacle to 
deducing Theorem 1 1 . 41 inductively. This is because applying Theorem ll.4l to the 
approximate group A\, say, would produce a subgroup H that was normalised 
by A\ but not necessarily normalised by the whole of A. 

It is of significant interest, therefore, to be able to place arbitrary subgroups of 
G efficiently inside normal subgroups of G. The primary aim of this section is 
to prove the following result in this direction. 

Proposition 6.1. Let G be an s-step nilpotent group generated by a K -approximate 
group A. Let H C A M be a subgroup of G. Then there exists a normal subgroup 
N of G inside A K M,s with the property that H C N. 

Many of the arguments we use to prove Proposition 16.11 apply, with almost no 
modification, to images of multi- variable homomorphisms of the type we studied 
in the previous section. Moreover, it turns out that these more general results 
are useful in proving Proposition 14.31 The results of this section, as stated, are 
therefore more general that is strictly necessary in order to prove Proposition 

EH 

We start with a simple observation about approximate groups. 

Lemma 6.2. Let G be a group generated by a K -approximate group A, and 
write 7T : G — > G/[G,G] for the natural projection. Then there exist an integer 
k < K°^\ a subgroup Hi C 7r(^4 4 ) and elements X2,---,Xk € A 4 such that 
G/[G, G] is generated by Hi U {ir(x2), • • • , ir(xk)}- 

Proof. The image tt(A) is a if -approximate group, and so Theorem 12.31 implies 
that there exist an integer k < K°^\ a subgroup Hi C 7r(A 4 ), and elements 
X2, ■ ■ ■ , Xk G A such that n(A) is contained in a coset progression of the form 
Hi + P(n(x2), ■ ■ ■ , 7r(xfc); L). However, G/[G,G] is generated by n(A), and so 
the result follows. □ 

Lemma l6.2l is particularly useful when applied in conjunction with the following 
result. 

Lemma 6.3. Let G be a group with generating set A, and write 7r : G — > 
G/[G,G] for the canonical homomorphism. Suppose that 7r(A m ) contains sets 
Xi, . . . , Xk, such that for each i = 1, . . . , k either Xi is a finite subgroup Hi of 
G/[G, G] or Xi is a singleton {ir(xi)}, with X{ G A m , and such that G/[G, G] is 
generated by the union X\ U . . . U Xk ■ 

Let Hi , . . . , Hs be finite nilpotent groups and suppose that 

a : Hi x • • • x H s — > G 
is a homomorphism in each variable with the property that 

a(Hi,...,H s ) C A M . (6.1) 
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Let n > 1 be an integer and suppose that for all commutator forms 7 of weight 
greater than n + 1 we have 

1 (a(H 1 ,...,H s ),G,...,G) = {l}. (6.2) 

Finally, suppose that there is an abelian subgroup T of rank d with the property 
that whenever fj is a commutator form of weight n + 1 we have 

f3(a(H 1 ,...,H s ) 7 A m ,...,A m )cT. (6.3) 

Then there exists a central subgroup U(a) C A° m ' M ^ dk > such that whenever 
ft is a commutator form of weight n + 1 we have 

p(a(H u ...,H s ),G,...,G) C U(a). 

Proof. For X, = H z we may fix Y, £ A m such that H t = ir(Yi). For X z = {n(x t )} 
fix Yi :— {xi}, so that 

Y t c A m (6.4) 

and 

*(Yi) = Xi. (6.5) 

For each i = . . . ,i n ) € [k] n and each commutator form f3 of weight n + 1 
define 

Ui{a, 13) := {p[a{Hx,. . . , H s ), Y n ,..., Y in )), 

Since the commutator form \J3, 1] is of weight greater than n + 1, condition (I6.2[) 
implies that 

f3(a(H l ,...,H s ),G,...,G)cZ(G), (6.6) 

and so Ui(a, f3) is a central subgroup. We may therefore define a further central 
subgroup U(a,f3) by 

U(a,0) := [] Ui(a,l3), 
■e[fc]« 

and yet another central subgroup 

U(a):= H U(a,j3). 

/9:| x (/9)|=n+l 

Now fix a commutator form j3 of weight n + 1. It follows from Proposition IB . 3l 
and the fact that every commutator form 7 of weight greater than n + 1 satisfies 
(|6.2[) . that the map 

<p:(hi,...,hg,gi,...,g n )>-> P{a(Ji x , . . .,fes),0i, ■ • ■ ,5n) 

is a homomorphism in each variable, and also that this tp is trivial if there is 
some c/i £ [G,G]. Lemma \b . 2 1 therefore implies that there is a function 

i/):HiX-~xH s x G/[G, G] x • • • x G/[G, G] -> G 

that is a homomorphism in each variable and satisfies 

/8(a(fti, . . . , gi, . . . , g n ) = i/)(hi, ...,h s , n(gi), w(jg n )). (6.7) 
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Combined with (|6.6[) . this implies that 

P(a(H 1 ,...,H s ,G,...,G)c Y[(ip(H 1 ,...,H s ,X il ,...,X in )). (6.8) 

ie[fe]» 

Now (|6.7p also implies that 

/3(a(Hx, H,),Y n ,. ..,Y in ) = ^(Hi, H s , X i± ,..., X in ), (6.9) 

and so it follows from (|6.8[) that 

P(a(H u ...,H S ),G,...,G) C U(a, 0). (6.10) 

Furthermore, the fact that /3 is of weight n + 1 means that /3 satisfies (|6.3p . and 
so ([H]) and ([O]) imply that 

iP(H 1 ,...,H s ,X il ,...,X in )cT. 

Proposition 15.31 therefore yields 

(ip(Hi,. ...//,.. \, : XO) C ^(#1, ■ • • , ^ , ■ • • , X in ) d . 

Combined with (|6.1|) . (|6.4p and (|6.9p . this gives 

. . .,H s ,Xi„. ..,X in )}c A< n+1 ^ m+M ^ d , 

where we write c(l) for the maximum of the lenghts, as words in the letters 
Xx, . . . ,xi, of all commutators in the x\ of weight I, noting that this is the 
maximum of a finite set, and so well defined and finite. It therefore follows from 
(HOI that Ui(a,f3) C A° m > M '™W. 

Since there are finitely many commutator 
forms of weight at most n, this implies that U\{a) C A° m - M - n ( d \ and so 

U(a) c A° m - M ^ dk "\ 

as desired. The fact that 

P{a{H u ...,H,),G,...,G) C U(a). 

for every commutator form /3 of weight n + 1 is immediate from (I6.10p . and so 
the lemma is proved. □ 

Proposition 6.4. Let G be a nilpotent group generated by a K -approximate 
group A. Let Hi, . . . , be finite nilpotent groups and suppose that 

a : Hi x • • • x H$ — > G 

is a homomorphism in each variable with the property that 

a{H u ...,H s ) CA M . (6.11) 

Let n > be an integer and suppose that for every commutator form 7 of weight 
greater than n we have 

1 {a(Hi,...,H s ),G,...,G) = {l}. (6.12) 

Then there exists a normal subgroup N of G inside A K J "'" ( ' with the property 
that a(Hi,...,H s ) C N. 
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Proof. The result is trivially true if n = 0, and so by induction we may fix 
n = v! > 1 and assume that the lemma holds whenever n < n' . 

As before, write c(l) for the maximum of the lenghts, as words in the letters 
Xi, . . . ,xi, of all commutators in the Xi of weight I, noting that this is the max- 
imum of a finite set, and so well defined and finite. 

The centre Z(G) is normal, and so Lemma^implies that A c ^ max ^ M ^nZ(G) 
has doubling constant at most if "^' 1 ', and so Theorem 12.31 implies that 
^c(n)max)M,4) n Z (G) is contained inside an abelian coset progression ZQ, with 

Z C A° M '"W (6.13) 

a subgroup and Q a progression of rank at most K° M < n ^. The fact that Z is 
central implies in particular that it is normal in G, and so we may define the 
canonical projection p : G — > G/Z. 

Now the fact that every commutator form 7 of weight greater than n satis- 
fies (|6.12p means that if is a commutator form of weight exactly n then 

f3(a(H 1 ,...,H s ),A i ,...,A 4 )dZ(G), 

and so (|6.11[) implies that 

(3(a(Hi, . . . ,H S ),A 4 , . . . ,A 4 ) c A c W ma ^ M ' 4 > n Z{G) 

CZ>(Q). 

In particular, this implies that 

0{p{a{H u . . . , H S )), p{A)\ p(A) 4 ) c (p(Q)). 

Furthermore, the rank of (p(Q)) is at most X 0m .™W, and the group G/Z is 
generated by the JC-approximate group p{A). Lemma |6 . 21 therefore implies that 
we can apply Lemma l6.3l to obtain a central subgroup U of G/Z satisfying 

U c p(A) K ° MM1) (6.14) 

such that whenever j3 is a commutator form of weight n we have 

P{p{a{Hi, . . . , H- S )),G/Z, . . . , G/Z) c U. (6.15) 

Since U is central in G/Z, the pullback No := p _1 (C7) is a normal subgroup of 
G, and by (|6.15[) it satisfies 

f3(a{H 1 ,...,H~ s ),G,...,G)cN Q . 

In particular, writing r : G — > G/Nq for the canonical projection we have 

0(T(a(JTi , . . . , H 3 )), G/Nq, G/N ) = {1} 

whenever /3 is a commutator form of weight n. The inductive hypothesis there- 
fore implies that there is a normal subgroup Ni of G/Nq satisfying 

N, c r(A) K ° M - nW (6.16) 

and such that r(a(Hi, . . . , H$)) C iVi. Setting := r~ 1 (A r i), this implies that 
a(Hi, ...,H S )C N. Furthermore, $£TS§ and HQg) imply that iV C ^^° M '" (1) ; 
and so implies that AT C A K ° M ' n(1> . □ 
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Proof of Proposition \6.1l Apply Proposition 16.41 with a the inclusion homomor- 
phism a : H ^ G. □ 



7 Proof of Proposition 14.3 



The first step in the proof of Proposition 14.31 is the following. 

Proposition 7.1. Let s > 2 be an integer and let G be an s-step nilpotent 
group generated by a K -approximate group A. Write tt : G — > G/[G, G] for the 
canonical projection. Then there exist r < and -approximate groups 

Aq, . . . , A r C A ^, and a genuine subgroup H C tt{A 4 ), such that tt(Aq) = H, 
such that each of A±, . . . , A r generates a group of step less that s 7 and such that 

\A Q ---A r \>e- RO<1) \A\. 

Proof. It is trivial that tt(A) is a if -approximate group, and so by Theorem 12. II 

there is a group H and a proper abelian progression P = P(xx, . . . , x r ; L) of 
dimension 

r < (7.1) 

such that 

H + Pcir(A 4 ) (7.2) 

and 

\H + P\ > e- RO(1) \n(A)\. (7.3) 
Just as we did in the proof of Proposition ^. 21 we write 

Pi {Ixi : \l\ < L{\, 

so that P = P\ + . . . + P r and fix a partial inverse <j> : tt(A 12 ) — > A 12 to tt given 
by applying Lemma 12.91 in the case m = 12. Setting 

X := A 2Q n [G, G] 

this gives, by an identical argument to the one we used in Proposition 13. 2[ 

4>(H + P)X C 4>(H)X^(P 1 )X ■ ■ ■ 4>{P r )X. 

By exactly the same argument that we used in Proposition 13.21 we conclude 
that 

A Q := (^XUX^Hr 1 ) 3 

and 

At := (4>(Pi)X U ^^(P,)- 1 ) 3 (i = 1, . . . , r) 
are all -approximate groups inside A°^ and that 

\A Ax---A r \ > e-^ OCl) |l|. 



Now, just as in Proposition 13.21 the sets A\, . . . ,A r all generate groups of step 
less than s, as desired. On the other hand, tt(Ao) = H by definition of Aq, and 
H C n(A 4 ) by (|7.2p . and so the proposition is proved. □ 
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To deduce Proposition 23] from Proposition 17. II requires us to identify a normal 
subgroup N inside A K m ' a ' that contains every commutator of weight s in the 
elements of A$. We achieve this as follows. 

Lemma 7.2. Let G be a nilpotent group generated by a K -approximate group 
A. Let s > 2, let G be an s-step nilpotent subgroup of G, and write tt : G — > 
G/[G,G] for the canonical homomorphism. Suppose that H is a finite subgroup 
of G/[G, G] and that A Q C A™ flG is a set satisfying n(A ) = H. 

Let n > 1 be an integer and suppose that for all commutator forms a of weight 
s and 7 of weight greater than n we have 

1 (a(A ,...,A ),G,...,G) = {l}. 

Then there is a normal subgroup N of G inside A K m,n,s ' with the property 
that whenever a is a commutator form of weight s we have 

a(A ,...,A ) c N. 

Proof. The lemma is trivially true if n = 0, and so by induction we may fix 
n = n' > 1 and assume that the lemma holds whenever n < n'. 

As before, write c(Z) for the maximum of the lenghts, as words in the letters 
x\, . . . , xi, of all commutators in the Xi of weight /, noting that this is the max- 
imum of a finite set, and so well defined and finite. 

Fix an arbitrary commutator form a of weight s. It follows from Lemmas 
15.11 and 15.21 that there is a function 

a : G/[G, G] x • • • x G/[G, G] -> G 

that is a homomorphism in each variable and such that 

a(§i, ■■■,<}$) =a(%(g 1 ),...,Tt-(g s ). 

In particular, 

a(Ao,...,Ao) = a(H,...,H), 
from which it follows that 

a(H,...,H) c A c ^™. 
Proposition ^ .41 therefore implies that there is a normal subgroup N a of G inside 

a(A ,...,A ) c N a . (7.4) 
Set N :— Yl a: \ x r a \\-s N a ; this is a product with Os(l) terms, and so N C 
A K . Moreover, by (|7.4j) we have 

a(A ,...,A Q ) C N 

for every commutator form a of weight s, and so the lemma is proved. □ 
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Proof of Proposition \4-3\ The fact that G is of nilpotency class at most s implies 
that every commutator form of weight greater than s vanishes on G, and so com- 
bining Proposition l7.1l and Lemma l7T2l gives an integer r < K ^ x \ a normal sub- 
group N inside A K ° m '° 1 , and _R'°( 1 ^-approximate groups Aq, . . . , A r C A°^ 
such that every commutator form a of weight s satisfies a(Aj, . . . , Aj) C N for 
all i, and such that 

\A ---A r \>e- k ° {1} \A\. 

The result then follows from applying Chang's covering lemma in exactly the 
same way as in the proof of Proposition 13. II □ 

8 Conclusion of the general case 

In this section we present the final steps of the proof of Theorem ll.4[ beginning 
with the following. 

Proposition 8.1. Let m > 0, s, s < s be integers. Let G be an s-step nilpo- 
tent group generated by a K -approximate group A, and let A be an s-step K- 
approximate group inside A m . Then there exist an integer r < K ^^, a normal 
subgroup N inside A K m '°'" , and K° 5 ^ -approximate groups A\,...,A r C 
A°*^N such that [A4, Aj] C N for all i and such that 

A c Ai ■ ■ • A r . 

Proof. If A is abelian then the proposition is trivially true, and so we may as- 
sume by induction that s > s > 2 and that the proposition holds for all smaller 
values of s. 

Applying Proposition ^. 31 we obtain an integer ro < K ^, a normal subgroup 
Nq of G inside A K ° m ' si , and if ^^-approximate groups A\, . . . ,A ra C A°^ 
such that every commutator form a of weight s satisfies a (A;, . . . , Aj) C No for 
all i, and such that 

AcAi---A ro . 

Writing p : G — > G/Nq for the canonical projection, we therefore have K°^- 
approximate groups p(A\), . . . 7 p(A ro ) C p{A)°^ C p(A)° < ' m ^ of step at most 
s — 1 satisfying 

p(A) C p(Ai) ■ ■■ p(A ro ). 

Since G/Nq is generated by the A"-approximate group /o(A), the induction hy- 
pothesis therefore gives, for each i = 1, . . . , ro, an integer rj < K 01 ^ 1 ', a normal 
subgroup Ni of G/N inside p(A) K m ' s ' s , and .fiT^^-approximate groups 
A[ z) , . . . , A^ c p(Ai)°^Ni C p(A)°'^Ni such that [Af,Af] c N t for all j 
and such that 

AiCA®>.-A®. 

It follows from Lemma [2.41 that the p~ 1 {A^) are -approximate groups, 

and so the proposition is satisfied by taking N = p^ 1 (Ni ■ ■ ■ N ro ). □ 

Remark 8.2. When applying Proposition 18 . 1 1 the dependence of various implied 
constants on s may of course be absorbed into the dependence on s. The 
dependence on s is present only to make the proof clearer. 
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Proof of Theorem \l-4\ Let N and Ai , . . . , A r be the normal subgroup and ap- 
proximate groups given by applying Proposition 18.11 with A — A, noting that 

N C ^ 0s<1> (8.1) 

and that 

r<K°° (1 K (8.2) 

Write p : G — > G/N for the canonical projection and note that p{A\), . . . , p(A r ) 
are abelian if^W-approximate groups. As such, Theorem 12.31 implies that 
there are subgroups Hi C p(Ai) 4 C p(A)° s ^ and abeilan progressions 

^Cp^f 0,11 ', (8.3) 

each of rank at most K "^, such that 

p{A) c ifiPi • • • H r P r . (8.4) 

Proposition ^ . 1 I thcn implies that for each i = 1, . . . , r there is a normal subgroup 
Ni of G/N that contains Hi and i 
subgroup Ni ■ ■ ■ N r also satisfies 



Ni of G/N that contains Hi and satisfies iVj C p(A) K ° a( ' . By (|8.2p . the normal 



N.-.-NrCpiA)^, 

and so by (|8.1I) the normal subgroup = /j _1 (ATi • • • N r ) satisfies 

HcA K ° A1) . 

Write r : G — > G/H for the canonical projection. The bound on the ranks 
of the Pi, combined with (|8.2I) and (|8.4[) . implies that t(A) is contained in an 
ordered progression P of rank at most K° sIk1 \ and by (|8.2p and (|8.3p we have 
P C r(^4) if ° s< \ The result then follows from Proposition 13.51 □ 



A Commutators and progressions 

In this appendix we develop enough theory about commutators to be able to 
define a nilpotent progression, and hence to understand the statement of The- 
orem [01 Following a set up in jl] §1] that was in turn based on [5J §11.1] we 
introduce the following definitions. 

Definition A.l (Commutators and weights). We define (formal) commutators 
in the letters x\, . . . ,x r recursively by defining each Xi to be a formal commu- 
tator and, given two formal commutators a, a' in the Xj, defining [a, a'] also to 
be a formal commutator. 

To each commutator a we assign a weight vector x( a ) £ Nq, defined recur- 
sively by setting xi x i) := e i and, given two formal commutators a, a' in the 
Xj, defining x([a, a']) — x( a ) + x( a ')- We define the total weight of a commu- 
tator a to be \x(ct)\ '■= \\x( a )\\i- Given a weignt vector \ £ f% and a vector 
L = (Li, . . . , L r ) of positive integers we will denote L x := L* 1 ■ ■ ■ L* r . 
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Noting that this results in at most finitely many commutators of any given 
weight vector, we assign a fixed total ordering -< to the commutators, chosen 
arbitrarily subject to the conditions that x\ -< ... -< x r , that commutators of 
the same weight vector are consecutive, and that commutators of lower total 
weight come before commutators of higher total weight. 

Finally, for each commutator a we define the (formal) inverse commutator a -1 . 
We extend -< to a partial ordering of commutators and their formal inverses, 
defining a^ 1 ~< (i^ 1 when a -< /3. o 

Of course, for elements u,v in a group the commutator [u, v] is interpreted as 
the group element u v uv, and the formal inverse of a commutator a is in- 
terpreted as the inverse of the interpretation of a. Thus if x%, . . . , x r are group 
elements then the formal commutators in the Xi, and their inverses, have in- 
terpretations as group elements^ In the case where the Xi are elements of a 
nilpotent group there only finitely many commutators with non-trivial interpre- 
tations as group elements, and an argument from [51 §11.1] shows that they 
satisfy the following rather nice property. 

Lemma A. 2. Let x\, . . . ,x r be elements in an s-step nilpotent group and let 
yi -<...-< Uk be a complete list of commutators of total weight at most s in the 
Xi, with yi — Xi for i — 1, . . . , r. Then every element of the group generated by 
the Xi can be expressed in the form 

y l i 1 y l i---y l k k , (A.i) 

with li G Z. 

The proof of Lemma IA.2I is in the form of an algorithm, called the collecting 
process and defined below, that converts a finite string involving the elements 
Xi into the form (jA.ip Fl The collecting process rests on, and is motivated by, 
the following commutator identities, which are jSJ (11.1.5,-8,-9,-11)]. 

vu = uv[v, u] (A. 2) 

— u[v, u]~ 1 v~ 1 (A. 3) 

vu^ 1 = u~ W2V4, ■ ■ ■ v% v$ v± 1 («i := [v, u]; Uj+i := [vi,u]) (A. 4) 
i; -1 ^ -1 = u~ 1 viv 3 v 5 ■ ■ ■ vl 1 v^ 1 v^ 1 (v-l := [v,u]; v i+ i := [vi,u]) (A. 5) 

Definition A. 3 (The collecting process). [HI §11-1] Let a := a%---a n be a 
string of commutators, and their inverses, involving elements Xi,...,x r of an 
s-step nilpotenl[f| group. We say that a is in collected form if a\ -t, ... -< a n . 
For m G [0, n] we say that a has collected part a\ ■ ■ ■ a m if a\ -< . . . -< a rn and 

7 Of course, when a commutator [a,/3] is interpreted as a group element then the inverse of 
that group element is equal to the interpretation of [/3,o]. As formal commutators, however, 
[/3,q] and [a,/3] _1 are considered distinct. 

8 Much of this material is already in the literature, but some of our arguments rely on 
an inspection of existing proofs, not just on the results, and in setting up notation for these 
arguments we unavoidably end up repeating much of this standard material. 

9 The collecting process can be defined for positive strings of commutators (i.e. those in- 
volving only commutators, not their inverses) without the assumption that the are elements 
of a nilpotent group; see [8] §11.1] for details. 
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Oi m ~> a i for i > m but a m +i >~ aj for some j > m + 1. The string a„ l+ i • ■ • a n 
is called the uncollected part of a. 

We define a collecting operator C on the set of strings of commutators as follows. 
If a is in collected form then we simply define C(a) :— a. If a is not in collected 
form then write j3 for the commutator earliest with respect to the order -< such 
that f}^ 1 appears in the uncollected part of a, and suppose that aj is the left- 
most of the ai in the uncollected part that is equal to /3 ±:L . Write a for the 
commutator satisfying dj-% — a^ 1 , and define a% := [a,0\ and ati+i := [a,,/3] 
for i = 2, . . . , s — 1. Define a, to be trivial for i > s. 

If = /3 and <Xj— i = a then 



and we say that C performs a transformation of type 1 on a. If aj = j3 and 
a,_i = oT 1 then 



and we say that C performs a transformation of type 2 on a. If aj — j3 1 and 
dj—i = a then 



and we say that C performs a transformation of type 3 on a. If aj — j3 1 and 
aj_i = a -1 then 



and we say that C performs a transformation of type 4 on a. The collecting 
process is then the sequence a,C(a),C 2 (a), . . .. 

Finally, we will often talk about the set of copies of a commutator in the col- 
lecting process. Each a, in the original string a is said to be a copy of the 
commutator 7 if = 7, or a copy of 7 -1 if aj = 7~ 1 - The collecting operator 
C is then thought of as permuting the existing copies of the commutators and 
of creating a new copy of [a, /3] in the case of a transformation of type 1; a 
new copy of [a, ft}^ 1 in the case of a transformation of type 2; new copies of 
«2, (X4 . . . and a^a^ 1 ... in the case of a transformation of type 3; and new 
copies of ot\, «3 . . . and a^ 1 ®^ 1 ... in the case of a transformation of type 4. o 

Proof of Lemma \A.2[ An element in the group generated by the Xi is, by defi- 
nition, equal in the group to some string a in the x^. It is clear (see [8l §11.1] for 
details) that the sequence a,C(a),C 2 (a), ... of strings in the collecting process 
is eventually constant and in collected form (modulo commutators of weight 
greater than s). Finally, identities (|A.2|) . (|A.3|) . (|A.4[) and (|A.5[) show that the 
sequence a, C(a), C 2 (a), . . . is constant as a sequence of group elements. □ 

Only certain commutators will arise during the collecting process. For example, 
X2 never needs to be moved to the left of X\, and so the exponent of the com- 
mutator [xi, X2] in expression (|A.1[) will always be zero. It thus makes sense to 
introduce the following definition. 





C(a) := a\ ■ ■ ■ Oj_2/3 1 aa.20t/± ■ ■ ■ a 5 1 a 3 a-y dj-\-i ■ ■ ■ a, 



C{a) := ai • • • Oj-2/3 1 ct\a^a^ ■ ■ ■ a 4 1 a 2 ot tij+i ■ ■ ■ a. 
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Definition A. 4 (Basic commutators). The commutators that can arise when 
the collecting process is applied to a string consisting only of Xi, . . . ,x r , and 
can hence have non-zero exponents in expression (IA.1I) , are called basic commu- 
tators. We shall denote them c\ -<...-< c*. 

A more explicit definition of basic commutators is given in [8l §11.1], but it is 
formulated precisely so as to be equivalent to Definition IA.4I 

We are now in a position to make another definition, first seen in [T]. 

Definition A. 5 (Nilpotent progressions). Let G be a nilpotent group. Let 
x\ , . . . , x r be elements of G, and let c\ , . . . , Ct be the list of basic commutators 
in the X{. Let L = (L\, . . . , L r ) be a vector of positive integers. Then the 
nilpotent progression on x%, . . . , x r with side lengths L\, . . . , L r is defined to be 
the set 

P(xi, ... ,x r ;L) :={<%.-.($ : \k\ < L*^}. 

The following results give a straightforward relationship between nilprogressions 
and nilpotent progressions. 

Lemma A. 6. Let x%,...,x r be elements of a nilpotent group and let L = 
(Li,...,L r ) be a vector of positive integers. Let y be a string of Xi and their 
inverses featuring pj copies of Xj andnj copies of xj 1 , withpj+nj < Lj. Then 
for each i — 1, . . . , t, applying the collecting process to y results in at most L x ' Ci ' 
copies of Ci and c^ 1 between them. 

Proof. The collecting process never creates any new copies of Xi or x~ l , and so 
the lemma certainly holds whenever Ci has total weight 1. We may therefore, 
by induction, prove the lemma for basic commutators of a given total weight 

lj > 1 (A.6) 

under the assumption that it holds for all commutators of total weight less than 
u. 

It follows from (|A.6|) that any commutator of weight lj arising from the collecting 
process is of the form [ci, Cj] for some basic commutators c;, Cj of total weight 
less than lj. We will prove the lemma by defining an injection / from the set of 
copies of [cijCj] 11 " 1 to the set of pairs of copies of cf 1 and Cj. This is sufficient 
as by induction the number of such pairs is at most Lx(ci)^x(cj) _ j^xiWi^j]) _ 

If a copy z of [ci,Cj] ±:L arose from a collecting transformation of type 1 or 2 
then this can only have been as a result of interchanging a copy a of cf 1 and a 
copy b of Cj. In this case simply define f(z) = (a, b). 

If z arose as from a collecting transformation of type 3 or 4 then it must have 
arisen from interchanging a copy b' of cj 1 and a copy of some commutator Ck ■ 
Writing vq := cj~ and v q +\ = [v q ,Cj], it must therefore be the case that Cj is 
equal to some v q . If q = then z arose from interchanging a copy a' of c 2 ; with 
b', and we define f(z) — {a',b'). If q > then exactly one copy a" of v q will 
also have arisen as a result of the same transformation as that producing z. In 
this case we define f(z) = (a", b 1 ). 
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Now that we have defined / it remains to show that it is an injection. A 
given pair of copies of cf 1 and c^ 1 will be interchanged at most once during the 
collection process, and so if two distinct copies z,z' of [cj,Cj] both arose from 
interchanging copies of Ci and Cj (which is to say as a result of a transformation 
of type 1 or 2, or of type 3 or 4 in the case q — 0) then we certainly have 
f(z) 7^ f(z'). Furthermore, a given transformation of type 3 or 4 produces at 
most one copy of any commutator q, and so if z and z' both arose from trans- 
formations of type 3 or 4 in the case q > then we also have f(z) ^ f(z'). 

Finally, suppose a copy z of [c^Cj]^ 1 arose from a transformation of type 3 
or 4 in the case q > 0. It follows from (IA.4I) and (IA.5I) that the copy a" of 
Ci = v q produced as a result of the transformation producing z will already be 
to the right of b', and so a" and b' will never have to be interchanged and so 
no z' arising from a transformation of type 1 or 2, or of type 3 or 4 in the case 
q = 0, will have f(z') = (a", b'). □ 

Corollary A. 7. Let x\, . . . ,x r be elements of a nilpotent group and let L — 
(Li,...,L r ) be a vector of positive integers. Let y be a string of Xi and their 
inverses featuring pj copies of xj andnj copies of xj 1 , withpj+nj < Lj. Then 
y can be expressed in the form 

<£4 a ••■<£, (A.7) 
with U = Pi — rii for i = 1, . . . , r and \h\ < L x ^ for every i. 

Corollary A. 8. Let x±, . . . ,x r be elements of a nilpotent group and let L = 
(Li, . . . , L r ) be a vector of positive integers. Then 

P*{xi,...,x r ;L) c P(x 1 ,...,x r ;L). 

Here, of course, P* denotes a nilprogression, as in Definition ! 1.31 while P denotes 
a nilpotent progression, as in Definition IA. 51 



B Decompositions of commutators 

It is a straightforward exercise to show that in a 2-step nilpotent group we have 
the identity 

[xx',yy'} = [x,y][x' ,y][x,y'][x\y']. 

The aim of this appendix is to develop a more general calculus for expressing 
commutators of products as products of commutators. 

In order to achieve this we will need to consider commutators involving x\ , . . . , x r 
in more detail than in Appendix|2J For instance, given a commutator a it will be 
helpful to be able to refer to the lower-weight components that were used to con- 
struct a, such as the components x\, X2, X3, [x%, X3] in the case a = [x±, [X2, X3]]. 
It will also be useful to distinguish between, for example, the commutator [xi , Xi\ 
and the function (xi, X2) <— ► [x\, X2], which we shall call a commutator form. We 
formalise these notions as follows. 
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Definition B.l (Arguments and components of a commutator). To every for- 
mal commutator a in the letters x\,...,x r we assign a set C(a) of compo- 
nents, defined recursively as follows. For each i define C{xi) to be the singleton 
{xi\ and, given two formal commutators a, a' in the Xi, define C([a, a!]) := 
C(a) U C(a') U {[a, a']}. We shall denote by a C f3 or (3 □ a the fact that a is 
a component of /3. The letters featuring in a formal commutator a will be 
called the arguments of a. 

Definition B.2 (Commutator form). A commutator form of weight n on the 
letters x\, . . . , x r will be a function from {x\, . . . , x r } n to the set of formal com- 
mutators in the Xi, defined recursively as follows. The identity function i given 
by i{xi) := Xi is the unique commutator form of weight 1. The commutator 
forms of weight n will consist of all functions 7 for which there exist commutator 
forms 71, 72 with respective weights mi, m,2 summing to n, and a permutation^ 
a 6 S n , such that 

r j(Xi 1 : ■ ■ ■ j x i n ) = [71 (Xi a(1 j , . . . , Ii l(mi) ), 72( a; i <T ( mi+1 ) ; • • • ) ^io-fti) )] 

for all ij £ We will denote by |x(7)l the weight of a commutator form 7. 

The principal results are the following. 

Proposition B.3. Let T be a nilpotent group and for each j = l,...,r let 

xf , . . . , be elements ofT. Suppose that a is a commutator form of weight r. 

(i) 

Then there exist commutators Tjx, . . . ,rjt in the x[ with the following properties. 

(ii) For each tuple (x\ , . . . ,x\ r ^) there is some r\\ equal to a(x\ , . . . ,x\ r ^). 

(Hi) For every I S [l,t] and every j G [1,^] there is at least one i S [l,mj] with 
x^ C 971 . 

(iv) The r\\ are all distinct as formal commutators in the xf\ 

(v) If rji is not of the form a(x^ , . . . , acj ) then rji has weight greater than r. 

Proposition B.4. Let a be a commutator form of weight r, let Xi,...,x r be 

elements of an s-step nilpotent group T, and let (li, . . . , l r ) be a vector of positive 
integers. Let £1 , . . . , £fc be the complete list, in ascending order with respect to 
-i, of commutators in the Xi of weight greater than r, and write a{x\, . . . ,x r ), 
Ci) • • • i Ct for the ordered list of basic commutators in a[x\, . . . , x r ), ^1, . . . 
Then for each i = 1, . . . , t there exists an integer m,i with \rrii\ < l x ^\ where 
x(Ci) * 5 the weight vector of Ci as a commutator in the Xi, such that 

ol{x{,. . .,x r r ) = a(xi, . . . ,x r ) Ci • • - Ct 

in F. 

Remark B.5. The commutators Q may not be distinct as commutators in the 
Xi, but they are distinct as formal commutators in the letters £j. 

10 The permutation a is necessary in the definition of a commutator form only to ensure, for 
example, that the function 7 : (x\,xi,xz) h> [[an, X3], X2] is not excluded for the rather arti- 
ficial reason that the elements x\,X2,%3 appear out of order in the definition of the function. 
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In proving these results we will repeatedly make use of certain commutator 
identities. Let u,v,w be elements of a group. We start by recalling the trivial 
identity (|A.2[) . which was 

vu = uv[v, u], 
and note that repeated application of it implies that 

uvw[w, uv] — wuv 

= uw[w,u]v 

= uwv[w,u][[w,u],v] 

= uvw[w,v][w,u][[w,u],v]. 

Combined with another trivial identity, [a, b}^ 1 = [6, a], this implies that 

[u, w][v, w] — [[w, u], v] [uv, w] (B.2) 

and 

[w, v][w,u] — [w,uv][v,[w,u]]. (B.3) 

Lemma B.6. Let x%, . . . , x m , y\, . . . , y n be symbols. Suppose that £1, . . . , £ r are 
distinct formal commutators in the Xi and that Cl > • • • ) C* are distinct formal 
commutators in the yi. Suppose further that /3,/3' are formal commutators in 
the and the Q that have no components of the form or [Ci,Cj]- Now 

suppose that j3 and f3' are equal when viewed as commutators in the Xi and yi . 
Then j3 and (3' are equal as commutators in the £j and Q . 

Proof. Viewing j3 as a commutator in the Xi and yi, write r\\, . . . ,r\ u for the list 
of components of j3 that are maximal with respect to the property of having 
no yi as an argument, and write 71, . . . ,7„ for the list of components that are 
maximal with respect to the property of having no Xi as an argument. Express 
(3 as a commutator in the rji and the 7,. Thus, for example, if 

(3 = [[[x 1 ,x 2 },yi], [xi,x 2 ]} 

then rji = r]2 = [x\, x 2 ] and 71 = y\ and we would have 

Note that the rji , 7, and the form of j3 in terms of the rji and 7, are uniquely 
determined by the form of (3 in terms of the Xi and yi. 

Viewing (3 as a commutator in the and Q once more, the only way that 
an rji can have arisen is as a commutator in the In fact, since f3 contains no 
component of the form [£,i,t;j], the component rji must have arisen as some £j. 
Similarly, each component 7; must have arisen as some Q. Since the £j and Q 
are distinct, these ^ and Q are uniquely determined, and so the form of (3 as 
a commutator in the £j and Q is uniquely determined by the rji and ji and by 
the form of j3i with respect to the rji and the 7,. 

This in turn was uniquely determined by the form of (3 as a commutator in 
the Xi and yi, and so the proof is complete. □ 

Lemma B.7. Let x\, . . . , x m , y\, . . . , y n be elements of a nilpotent group T. 
Then there is a finite list rji , . . . , rj r of commutators in the Xi and yj satisfying 
the following properties. 
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(i) [xi---x m ,yi---y n ]=r] 1 ---r] r . 

(ii) For each pair Xi,yi> there is some rjj equal to [xi,yi>]. 

(Hi) Every rjj has at least one Xj and at least one y^ amongst its arguments. 

(iv) The rjj are all distinct as formal commutators in the Xi,yi>. 

(v) No rjj has a component of the form [xj,Xj'] or [yi,yi>\- 

(vi) If rjj is not of the form [xi,yi>] then rj has weight greater than 2. 
Proof. For each element g £ Y define 

6(g) := sup{i : g G Y t }. 

Write s for the nilpotency class of Y and note that if (mini 8(xi)) + (mmj 6(yj)) > 
s then [x± - • ■ x m , y± ■ ■ ■ y n ] and the [xi, yj] are all equal to the identity element, 
and so the result is trivial. By induction, it is therefore sufficient to fix s and 
d < s; to assume that 

min 9(xi) + min 0(yj) = d; (B.4) 

* 3 

and to assume that the result holds for elements of s-step nilpotent groups 
satisfying 

mm0(xj) + mm 8 (yj) > d. 
i j 

Such a statement is trivial in the case m + n < 2, and so by another induction 
we may assume also that m + n > 3 and that the result holds under condition 
(|B.4I) for all smaller values of m + n. 

The assumption that m + n > 3 implies in particular that at least one of m and 
n is at least 2. We shall assume that n > 2; the argument in the case m > 2 
is essentially identical and is left to the reader. Thanks to this assumption we 
may apply (|B.3|) and conclude that 

[xi ■ ■ -Xm.yi ■ ■ -y n ] = [xi ■ ■■x mi y 2 ■ ■■yn] [xi ■ ■ -x m ,yi] [[xi ■ ■ ■x m ,yi],y 2 ■ • -y„]. 

(B.5) 

If the first induction hypothesis does not apply to [xi ■ • ■ x m , y% ■ • ■ y n ] then 
the second certainly does, and so we may assume that there are commutators 
r]i, . . . ,r) q in Xi, . . . , x m , y 2l • ■ ■ , y n such that the following conditions hold. 

1. We have [xi ■ ■ ■ x m , y 2 ■ ■ ■ y n ] = Vi ' " • Vq- 

2. For each pair Xi, y,» with i' > 2 there is some rjj equal to [xj, j/,v], 

3. Every r/j has at least one Xj and at least one yv with i' > 2 amongst its 
arguments. 

4. The rjj are all distinct as formal commutators in the Xj, . 

5. No rjj has a component of the form [xj,Xj'] or [yi,yi']- 

6. If rjj is not of the form [xj, yi>] then rj has weight greater than 2. 
Similarly, we have commutators £i , . . . , £ r in the Xj and y\ such that 
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7. We have [xi ■ ■ ■ x m , y x ] = £1 • • • £ r . 

8. For each Xi there is some £j equal to [xi,y\\. 

9. Every £j has y\ and at least one Xi amongst its arguments. 

10. The £j are all distinct as formal commutators in the Xi, yy. 

11. No £j has a component of the form [xi, xy]. 

12. If £j is not of the form [a;j,yi] then r\ has weight greater than 2. 
It follows from condition [7] that we may write 

[[xi ■ ■■x m ,y 1 ],y 2 ■■■y n } = [fi ■■■£ r ,V2- ■■Vn], (B.6) 
while condition [9] implies that for evey j we have 

>min9(xi) + 9( yi ). 

i 

This implies in particular that 

min#(£i)+ min #(?/.,■) > min^(xj) + min ($/,•), 

i j'e[2,n] i j 

and hence by (|B .4|) that 

mm0(£j) + min 6(yj) > d. 

i j'e[2,n] 

The first induction hypothesis therefore applies, and so we may assume that 
there exist commutators Ci,---iCt m the £i,yj satisfying the following condi- 
tions. 

13. We have [f x • • • £ r , y 2 ■ ■ ■ y n ] = Ci • • • Ct< 

14. Every has at least one £j and at least one with £' > 2 amongst its 
arguments. 

15. The Q are all distinct as formal commutators in the 

16. No has a component of the form or [yi,yi>]- 

It follows from (|B.5[) and (|B.6|) and conditions [JJ [7] and [T3] that 

[xi-~x m ,yf- y n ] = 771 • • ■ 77,^1 • ■ • £ r Ci • • • Ct, 

and so the 7?i,£i,Ci satisfy condition (i) of the lemma. By conditions [5] and [5] 
they satisfy condition (ii) of the lemma, and by conditions [21 M an d HH they 
satisfy condition (iii) . It follows from conditions [5j [TTJ [12] and [16] that they 
satisfy condition (v) of the lemma, and from conditions [5] [T^] and [JJ] that they 
satisfy condition (vi). 

It remains to see that the J?i,^j,Ci satisfy condition (iv) of the lemma. No 
two rji can be equal as formal commutators in the xt,yj thanks to condition [4] 
and the same is true of the & by condition [TU] It follows from Lemma IB.6I and 
from conditions [15] and [15] that the same is also true of the Q . 
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It follows from conditions |S] and [TJ] that each & and each Q has y\ as an 
argument, but none of the r\i has y\ as an argument, and so no r\i can be equal 
to a £j or a £j as a formal commutator in the Xi, yj. Moreover, y\ is the only of 
the yj to feature as an argument of a & , whereas it follows from condition [14] 
that each Ci has at least one yj other than y\ as an argument, and so no Ci can 
equal a £j. Thus T}%,£i,Ci satisfy condition (iv) of the lemma, and so the proof 
is complete. □ 



Proof of Proposition \B.3l Abusing notation slightly, we shall abbreviate 

If a is of weight 1 then the result is trivial, and so we may assume that r > 1 
and, by induction, that the result holds for all commutator forms of weight less 
than r. Since r > 1 we may write 

atcnr^ x i 1] , ■ ■ ■ , yita zf), Mutr 4 d+1 \ ■ ■ • , nt\ 4 r) ) 

for commutator forms a\ and «2 of weight d and d! := r — d, respectively, with 

l<d,d'<r. (B.7) 

For notational convenience let us relabel x[ d+1 \ . . . ,x- r ' ) as yj , . . . ,y\ d \ and 
md+i, . . • , m r as m, ■ . ■ , rid'', thus 

«- "uHtl^i '•••>ll 4 =l a; i J> a 2(.ll i= iyi >--->lli=lJ/i J • 



By (|B.7p and the induction hypothesis there exist commutators £i, . . . , in the 
ajj and commutators Ci, • • • , Cg m the yj" satisfying the following conditions. 

1. We have ai (Ut\ 4\- ■ ■ > UT=\ 4*) = 6 ' ' • 

2. We have a a (n£x • ■ • , Itf'i vf ] ) = Ci • • • Q- 

3. For each tuple (x\*\ . . . , xP) there is some £/ equal to ai(a;j*\ . . . , xj'* )• 

4. For each tuple (yj*^ , . . . , yj d ; ' ) there is some Ci equal to a-i (yj^ , . . . , y j^ ^ ) . 

5. For every I £ [1, k] and every j G [1, d] there is at least one i E [1, m^] with 

6. For every I £ [1, q] and every j £ [1, d'] there is at least one i £ [1, 7ij] with 

i/P r 0- 

7. The £z are all distinct as formal commutators in the x\ . 

(i) 

8. The Ci are all distinct as formal commutators in the y\ ) . 
By (IB. 8ft and conditions [T] and [5] we have 

a = [Ci ' ' -Cfc,Ci ' • -Q, 



and so by Lemma IB. 71 we may assume that there exist commutators rji , . . . , r\t 
in the & and Ci satisfying the following conditions. 
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9. We have a — r\\ ■ ■ ■ rj t . 

10. For each pair £j,Ci' there is some rjj equal to 

11. Every r/j has at least one £j and at least one Q/ amongst its arguments. 

12. The rjj are all distinct as formal commutators in the £j, Qi . 

13. No rjj has a component of the form or [Cs » Ci' ] • 

Lemma |B. 71 also implies that every rjj that is not of the form [£i,Ci'] has weight 

(?) (i) 

greater than 2, and so, viewing the r\i now as commutators in the x\ and y\ , 
it follows from conditions [5j [6] and [TT] that they satisfy condition (v) of the 
proposition. Moreover, condition |H] implies that they satisfy condition (i) of the 
proposition. Condition (ii) follows from conditions 131 HI and 1101 Condition (iii) 
follows from conditions [5j H2 and [TT] Finally, in light of conditions [51 [T^] and 
[TBI condition (iv) follows from Lemma IB. 61 □ 

Corollary B.8. Let a be a commutator form of weight r, let x±,...,x r be 
elements of an s-step nilpotent group T, and let (Zi, . . . ,l r ) be a vector of positive 
integers. Let £i , . . . , £fc be the complete list, in ascending order with respect to 
-<) of commutators in the Xi of weight greater than r . Then a(x± , . . . , x\r) is 
equal in T to a product, in some order, of precisely FT. Zi copies of a(x\ , . . . , x r ) 
and at most l x ^> copies of each £j. 

Proof. The fact that a(x l -l , . . . , x l r r ) may be written as a product of commutators 
that includes at least Yii h copies of a(x\ , . . . , x r ) follows from conditions (i) and 
(ii) of Proposition IB.31 and the fact that we may take the other commutators 
in this product to have weight greater than r follows from condition (v) of that 
proposition. The bound on the number of copies of each £j and the fact that 
no further copies of a{x\, . . . , x r ) are required follow from condition (iv). □ 

Proof of Proposition \B.4\ This follows from applying Corollary |A.7l to the prod- 
uct from Corollary IB. 81 □ 



C Generating sets of p-groups 

In this appendix we derive the following basic properties of p-groups. 

Lemma C.l. IfT is an abelian p- group andV is a subgroup ofT then the rank 
ofV is at most the rank ofT. 

Lemma C.2. Let T be a p-group of rank r and suppose that S is a generating 
set for r. Then there is a subset S' C S of cardinality r that also generates T. 

Remark C.3. Lemma IC.ll still holds without the assumption that r is a p- 
group. The corresponding statement for an arbitrary finite abelian group can 
be deduced from the p-group statement using arguments similar to those found 
in Section [5j We do not need the more general statement in the present work, 
however, and so we omit the details. The assumption that T is abelian, on the 
other hand, is necessary. For example, if F is the free product of n copies of the 
cyclic group with two elements and T is the quotient F / F% then T is of rank n 
but [r, r], for example, is of rank n(n — l)/2. 
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Remark C.4. Lemma [C.2I does not necessarily hold if T is not a p-group. For 
example, the set {2, 3} is a generating set for Z/6Z, but each of {2} and {3} 
generates a proper subgroup. 

The proof of Lemma IC.ll is straightforward. 

Proof of Lemma \C. 1[ Suppose that T is of rank r, with minimal generating set 
x\, . . . , x r , say. We will show by induction on r that the rank of V is at most 
r, this being trivial when r = 0. 

Let m be the largest integer with the property that T' < p m ■ T. The sub- 
group p m ■ r is generated by the set p m xi, . . . ,p m x r , and so has rank at most 
r. Therefore, upon replacing V by p m ■ T if necessary, we may assume that V is 
not contained in p ■ T, and hence that there is some y € V such that px ^ y for 
every igT. 

Since x±, . . . , x r generate T we may write y = l\X\ + . . . + l r x r , and by definition 
of y there must be at least one i for which li is not divisible by p. Without loss 
of generality we shall assume that l r is not divisible by p. Since the order of x r 
is a power of p, the integer l r has a multiplicative inverse, say q, modulo the 
order of the x r . This implies that 

Xr = q(V - l\X\ - ... - Ir-lXr-l), 

and in particular that the quotient T/(y) is generated by Xi + (y), . . . , x r -\ + (y), 
and hence has rank at most r — 1. The group V /(y) is isomorphic to a subgroup 
of r/ (y), and hence has rank at most r — 1 by induction. It follows that V has 
rank at most r, as claimed. □ 

The proof of Lemma IC. 21 rests on a deeper property of p-groups, the statement 
of which requires a definition. 

Definition C.5 (Frattini subgroup). Let T be a finite p-group. Then the Frat- 
tini subgroup $(r) of T is defined by $(r) := r p [r,r], where here (unlike 
elsewhere in this work) the notation T p means the group ( g p | g 6 T). 

Theorem C.6 (Burnside basis theorem). [S] Theorem 4.8] Let T be a p-group 
and write $(r) for its Frattini subgroup. Then a subset SofT generates T if 
and only if the image of S in T/<&(T) generates r/$(r) as a vector space over 
F 

Proof of Lemma \C.2\ . The Burnside basis theorem (Theorem IC6[) implies in 
particular that all minimal generating sets of Y have the same cardinality, from 
which Lemma IC.2I follows immediately. □ 
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